Variable Acceleration

€\

' REVISE THIS
TOPIC

1 A fixed point O lies on a straight line.

A particle, P, moves along the straight line.

At time ¢ seconds, 0 < ¢ < 10, the distance, s metres, of P from O is given by
s=10t—7

When ¢ =1, P is at point X.

When ¢t =T, P is at point ¥, where OY =21 m

Find,
(a) the distance OX. 0}
(b) two possible values for T. ?2)
(c) the maximum distance of point P from the point O in the interval 0 << 10 2)
(d) the total distance travelled by the point P in the interval 0 <¢< 10 2)
(@) s(1)=10(1)-12 =9 (b) 107 - 12 =21
OX=9m 72-10T+21=0
(T-3(T-7)=0
T=3seconds 7 =7 seconds
(c) Sa
N ) s(0)=10(0)—02 =0
/ \ s(10)=10(10) — 102 = 0
N,
25+25=50m
s=—[2—10f]
s=—[(t-5)*-25]
s=—(t—5)*+25

So turning point has coordinates (5, 25)

Maximum distance = 25 m

(Total for Question 1 is 7 marks)
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2 A fixed point O lies on a straight line.
A particle, P, moves along the straight line.

At time ¢ seconds, ¢ > 0, the distance, s metres, of P from O is given by

s=36t—1
When ¢ =1, P is at point X.
When ¢t =2, P is at point Y.
Whent=T, T> 0, P is at point O.
Find,
(a) XY (2)
)T (2)
(c) the maximum distance of point P from the point O in the interval 0 <¢< T A3
(d) the total distance travelled by P in the interval 0 <¢< T ?2)
(a) s(1)=36(1)—13=35 (c)ctd  ds =36-34
5(2) =36(2) - 23 = 64 dt
XY=64-35 Maximum distance when ds = ()
XY=29m dt
36-32=0
(b) WhenPisatO,s=0 32 =36
36T-T7°=0 =12
7(36 — 1?)=0 t=2v3 (ignore —2v/3 as > 0)
T=0 36-T°=0
=36 When1=2v3  s=36(2V3)— (2V3)}
T=6 T=-6 s=48V/3m
7>0,s0 T=6
(d)  48V/3+ 48V/3=96\V3m
(©) Sa
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3 A particle, P, moves along the x-axis. At time ¢ seconds, # > 0, the displacement,

x metres, of P from the origin O, is given by  x=4£ —28¢ + 49t

(a) Find the velocity of P at time ¢ seconds. )
(b) Find the speed of P when =2 2)
(c) Find the values of # when P is instantaneously at rest. A3)

When ¢ =0, P is at point O.
(d) Find the other value of # when P is at point O. 2)

(e) Show that P will never move along the negative x-axis. 2)

(@) v=dx=12£2_561+49

dt

v=122-56t+ 49

(b) v(2)=12(2)>-56(2)+49 =-15

Speed =15 ms™!

(C) Instantaneous rest when v =0

1222 —56t+49=0

(6t—7)(2t—7)=0

t= % seconds t= % seconds

(d  WhenPisatO,x=0

48 - 282 +49t=0

142 —28t+49)=0

12t —7)(2t—7)=0

t=0 2t—-7=0

]
= 75 seconds

() x=1t2t-7)7?

Since ¢ > 0 (given in question)

and (2¢ — 7)>> 0 (for all values of t)

1(2t—7)*>0

Therefore x > 0 (never negative) (Total for Question 3 is 11 marks)
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4 A fixed point O lies on a straight line.
A particle, P, moves along the straight line.
At time ¢ seconds, ¢ > 0, the distance, s metres, of P from O is given by

s:%t3—4t2+7t

Find,
(a) the maximum speed of P in the interval 0 <7<8 4
(b) the magnitude of the acceleration of P when =3 )
(c) The total distance travelled by P in the interval 0 <7< 8 @)
(@ v=ds=p_8t+7 (b) v=r-8t+7
dt

V=L _8t+7 a=dv =2t—-8

v=(-1)(-7) dt

v=0whent=1andz=7 a(3)=23)-8=-2

Va Magnitude of acceleration = 2 ms~2

/ (¢) P changes direction when ¢t=1and t="7

N\ /.
PN 5(0) = 1(0) — 407+ 7(0) =0

Check v at turning point (¢ = 4) s(1)= %(1)3 —4(1)2+7(1) = 1—20
and end points (=0, t = 8)

v(4)= (4>~ 8(4) + 7=-9 ms! ()= (P-4 + ()= -2
v(0)=(0)>-8(0)+7=7ms"!

v(8)=(8)?—8(8)+7=7 ms" 5(8)= T(8) — 48P + 7(8) = — =

Therefore max speed =9 ms~!

Y

|

|
3
1

O i tats NS

1O
)otw

/

Va AV AV
3 10— 9%
Total distance = — +(*+*)+(ﬁf®) 128

3 "\3 73 3 3 )= 3 m

3
(Total for Question 4 is 10 marks)
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5 A particle, P, moves along the x-axis. At time ¢ seconds, ¢ > 0, the displacement,

x metres, of P from the origin O, is given by x = %13 — 3£+ 5¢

At t=06, P is at the point M.

(a) Find the distance OM. ?2)
(b) Find the values of ¢ for which P is at instantaneous rest. A3)
(c) Find the total distance travelled by P in the interval 0 <7< 6 “)
(d) Find the value of ¢ at which the acceleration of P is zero. 2)
() x(6)=5(6)'~ 3(6) + 5(6) = 6 OM=6m
(b) y=dx=p2_6t+5 d) g=dv=2-6
dt dt

Instantaneous rest when v =0

2—6t+5=0 0=2t-6
(t-D(E-5=0 2t=6
t= 1 second t= 5 seconds t =3 seconds

(¢) P changes direction when =1and t=5

%(0) = %(0)° — 3(0)? +5(0) = 0

x(1)=x(1)~ 3(172 + 5(1) = %

X(5) =3P -39+ 565)= - %

x(6)= -6 [from part (a)]

'

A

o b)“\]

Y

W

Y P S—— ()

S

o]~

Total distance = % + (

+§)+(2——6) ~46 1
3 \ Q/ \'l /

(Total for Question S is 11 marks)
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6 A particle, P, moves along a straight line such that at time ¢ seconds, ¢ > 0, the velocity of P,

v ms~!, is modelled as

v=">0+3¢
(a) Find the velocity of P when ¢t =5 1)
(b) Find the acceleration of P at time ¢ seconds. ?2)
(c) Show that P never changes direction. ?2)
(d) Find the total distance travelled by P in the interval 0 <7 <4 A3

(a) ¥(5)=35%+3(5)> =200 ms™!

(b) 4= dv=32+6t

dt

(c) v=£+37

v=1(t+3)

Since ¢ > 0 (given in question)

(t+3)>0and 2>0

P(t+3)>0

Therefore v > 0 (so P always travels in the positive direction)

(dy s=[vdt

T
= 3 2 Jf = — 3
s=[P+3Pdi= 31+ +c

Since P never changes direction just check end points.

5(0)= 7 (O + (0P +c=c

s@)= 7@+ @ tc=128+c

Distance travelled = 5(4) — 5(0)

— (128 + ¢) — (¢)

=128 m

(Total for Question 6 is 8 marks)
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7 A fixed point O lies on a straight line.

A particle, P, moves along the straight line such that at time ¢ seconds, ¢ > 0, after passing
through point O, the velocity of P, v ms™! is modelled as

v=£—-6t+8
(a) Find the range of values of ¢ for which the velocity of P is negative. ?2)
(b) Find the greatest speed of P in the interval 0 <¢ <5 3)
(c) Find the magnitude of the acceleration of P the first time that P at instantaneous rest. 4

When ¢ = 3, P is at point X.

(d) Find the distance OX. A3
(@ v<o0 (c) Instantaneous rest when v =0
?-6t+8<0 2-6t+8=0
(t-=2)(t-4)<0 (t=2)t-4)=0
v

A

t= 2 seconds t= 4 seconds

/

So ¢ = 2 is the first time

\ /

\ s 7 . T
of 2\ i /4 - dt
Whent=2, a=2(2)-6=-2
2<t<4 Magnitude of acceleration = 2 ms~2

(b) Check v at turning point (¢ = 3)

(d s=[vdt

and end points (=0, t=5)

v(3)=(3)>-6(3)+8=-1 ms!

s=[f-6t+8dt= %1373z2+ 8t+c

1(0) = (02— 6(0) + 8 = 8 ms™"!

w(5)= (52— 6(5)+ 8 =3 ms"!

Whent=0,5s=0,s0 0= —=(0)>-3(0)>+8(0)+c

S ||

c=

Therefore max speed = 8 ms~!

s = %ﬁ -3+ 8¢

s(3) = %(3)3 ~3(32+83)=6m

www. 1stclassmaths.com
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8 A particle, P, moves along a straight line such that at time ¢ seconds, ¢ > 0, the velocity of P,
v ms~!, is modelled as

v =4 - 247+ 20t
(a) Find the values of ¢ for which P is at instantaneous rest. &)}
(b) Find the magnitude of the acceleration of P when ¢ = 1. Q)
M and N are fixed points on the straight line.

When ¢ = 0, the displacement of P from point M is 25 metres.
When ¢ = 3, P is at point N.

(¢) Find the distance MN. 4)

(a) Instantaneous rest when v =0

48 — 242 +20t=0

40> —-6t+5)=0

4t —1)(t—5)=0

t=0 ¢=1 t=5

(b) 4= dv=122-48t+20

dt

Whent=1, a=12(1)2-48(1)+20=-16

Magnitude of acceleration = 16 ms2

() s=[vdt

s=[48 -242+20t dt = -8+ 102+ ¢

Define s as displacement from M

When t=0,s=25,s0 25=(0)*-28(0)}+ 10(0)*+ ¢

c=25

Whent=3, s=(3)*-8(3)3+10(3)>+ 25

s=-20 (So N is 20 m from M in the negative direction) MN=20m

(Total for Question 8 is 9 marks)
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9 A particle, P, moves along a straight line such that at time ¢ seconds, ¢ > 0, the velocity of P,

v ms~!, is modelled as

v=236t—3-33
(a) Find the greatest speed of P in the interval 0 <z <12 4)
(b) Find the range of values of ¢ for which the acceleration of P is positive. Q3)
(c) Find the total distance travelled by P in the interval 0 <7< 12 5)

(a) Va

(c) Check for potential direction changes

36t—-32-33=0

32-36t+33=0

AR IR

/ \ £ 12t+11=0
0 N (—1)((—11)=0
v=-3[-12t+ 11] t=1 =11
v =—3[(1—6)> - 25]
v=-3(-6)+175 s=[vdt

So turning point has coordinates (6, 75)

s=[36:-32—-33dt =182-£~-33t+c

When ¢ = 0, distance from starting point =0, so ¢ =0

Check v at turning point (z = 6)

S

and end points (=0, t=12)

494

v(6) = 36(6) — 3(6)>— 33 = 75 ms™!

468 [

w(0) = 36(0) — 3(0)2 — 33 =33 ms"!

w(12) = 36(12) - 3(12)2 — 33 =33 ms"!

A 4

[y (S
\S)

“16P 1

Therefore max speed = 75 ms~!

5(0) = 18(0)>—(0)°—33(0) =0

s(1)=18(1)2— (13- 33(1) =—16

®) 4= dv=36-6t

s(11)=18(11)2— (113~ 33(11) = 484

dt

s(12) = 18(12)2— (12)3— 33(12) = 468

whena >0, 36—-6t>0

36 > 6¢ Total distance = 16 + [484 — (=16)] + [484 — 468]
6>t =16+500+ 16
t<6 =532 m
Since >0 0<t<6

(Total for Question 9 is 12 marks)
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10 A fixed point O lies on a straight line.

A particle, P, moves along the straight line such that at time ¢ seconds, ¢ > 0, after passing
through point O, the velocity of P, v ms™! is modelled as

v=8-1¢
(a) Show that the acceleration of P is never positive. )
(b) Find the distance travelled by P when it is at instantaneous rest. )
(c) Determine if P is moving towards or away from O when ¢ =4 (€))]
@ ag= dv=-32 (c) when =3
dt

s4)=84) - 54! =—32m
Since ¢ > 0 (given in question) v(4)=8—(4)}=-56m
3£>0 and so —3£2<0

P is on the negative side of O

Therefore a < 0 (so acceleration is never positive) but moving in the negative direction

so P is moving away from O.

(b) Instantaneous rest when v =0

8-£=0

£=8

=2
s=[vdt

s=[8-Adt = 8t—%z4+c

When 1=0,5=0,50 0=8(0)—+(0)*+c
c=0

s = 8;—%%

P 1s at instantaneous rest when ¢ = 2

5(2)=82) — 4 ()*
=12 m

(Total for Question 10 is 9 marks)
10

www. 1stclassmaths.com © 2026 1stclassmaths



http://www.1stclassmaths.com/

u m r@ @1stclassmaths

11 A particle, P, moves along the x-axis such that at time ¢ seconds, ¢ > 0, the velocity of P, v ms™!
1s modelled as

v=4/t-5¢
(a) Find the magnitude of the acceleration when P is at instantaneous rest. 4)

When ¢ = 1, the displacement of P from the origin is 6 metres.

(b) Find the displacement of P from the origin at the instant when P stops accelerating. 6
(a) Instantaneous rest when v =0 (b) Stops accelerating a = 0
4i-5t=0 2 _5=0
Vi(4— 5V =0 Vi
Vi=0 VA
t=0 (invalid as > 0 in question)
2
Vi=g
4-5t=0
_ -4
5\/;*1 Y
Vi=s
t= s=[vdt
s=[ai-Stdt =312 -2+ ¢
3 2
a= dv= l —5
dt V1 Whent=1,s=6, so 62%(1)5—%(1)2+C
16 2 3 O
a(75 = 7= -5 6=3"5"¢
2
=
! _
€~ 6
= -2.5ms? .
- 8,72 _3p4 35
S S
— X 8(A) 3(A).®
When 1= 3¢ S—g(oq) 3(55) %
s=5.94m
(Total for Question 11 is 10 marks)
11
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12 A fixed point O lies on a straight line.

A particle, P, moves along the straight line such that at time ¢ seconds, ¢ > 0, after passing
through point O, the velocity of P, v ms™! is modelled as

v==£—kt+18
where £ is a constant.
(a) Given that P at instantaneous rest when ¢ = 2, find the value of £. 2)
(b) Find the magnitude of the acceleration of P when ¢ =3 2)
(c) Find the maximum distance of P from O in the interval 0 <7< 10 )

(a) Instantaneous rest when v =0, so v(2) =0

0=(2)>—k(2)+ 18 (c)ctd  check for potential direction changes (v = 0)
0=4-2k+18

0=22-2k £-11t+18=0
2k=22 (1-2)(t-9)=0

k=11 t=2 t=9

(b) a= dv=2t-11

Checksatt=2,t=9

dt

and end points (=0, t = 10)

s@ =2 -1+ 182)= 2m

Whent=3, a=23)-11=-5

Magnitude of acceleration = 5 ms~2

59)=75 (9~ 592 +189) = -Zm

() s=[vdt
I

50 =75 (0~ 02+ 180)=0m

11

J2-11t+18dt = 23—+ 18 +c

5(10) = 2 (10~ (102 + 18(10) =¥

When 1=0,5=0,50 0=~(0)'~ L (0p+18(0)+

c=0

Maximum distance from O = 8*,,1 m (40.5 m)

1, 11,
s=38— P+ 18t

12

(Total for Question 12 is 8 marks)
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13 Particles P and O, move along the x-axis. At time ¢ seconds, ¢ > 0, the displacement,

x metres, of P from the origin O, is givenby x =8 —20+ 77t

At time ¢ seconds, ¢ > 0, the acceleration of O, @ ms2, is modelledas a=2¢-9

When ¢ = 0, Q is moving with a velocity of 12 ms™!

(a) Find a range of values of ¢ for which the velocity of Q is greater than the velocity of P. (6)

When ¢ = 0, the displacement of O from the origin O is 6 metres.

(b) Find the distance between P and Q when ¢ =4 “)
(@) v,=dx=32_40r+77 (b) sp=Jvodt
dt sQ:ftL9t+12dt =%t3—%zz+121+c
vo=Jadt When 1=0,5=6,50 6=-%(0 —2(0)>+12(0) + ¢
vo=J2t-9dt = 2-9t+c c=6
Whent=0,v=0,s0 12=(0)>-9(0)+c¢
c=12 s9= 1A -2+ 12146

Vo= -9t +12

5o(4) = (4P —2 (47 + 12(4) + 6= 12

Vo~ Vp
29t +12>3R2—40t+ 77 sp(4) = (4)° —20(4)* + 77(4) = 52
0>2~2-31t+65
22— 31t+65<0 527170:1‘26;11

(2t—5)(t—13)<0

Critical values t=2.5, t =13

A

/

\ /

NIV

Y

0 2.5\/13

25<t<13

(Total for Question 13 is 10 marks)

13
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14 A fixed point O lies on a straight line.

A particle, P, moves along the straight line such that at time ¢ seconds, ¢ > 0, the acceleration of
P, a ms2is modelled as

a=13-6¢

When ¢ = 0, the velocity of P is 10 ms™! and the displacement of P from point O is 2 metres.

(a) Find the value of ¢ for which P is at instantaneous rest. “)
(b) Find the displacement of P from O when ¢ =3 “)
(c) Find the total distance travelled by P in the interval 0 << 6 “)
(a) v=Jfadt (¢)  Check change of direction (¢ = 5)
v=[13-6tdt = 13t-3~+c and end points (1= 0, 1 = 6)
When =0, v =10, so 10 =13(0)-3(0)*+ ¢
c=10 S(5)= 125 — (5 +10(5)+2 =89.5m
v= 13— 32+ 10 5(0) = (07— (0 +10(0)+2 =2m
Instantaneous rest when v =0
0=13t—32+10 s(6) = 1—25(6)2—(6)3+ 10(6)+2 =80m
32-13t-10=0
(3t+2)(t-5)=0 Total distance = [89.5 —2] +[89.5 — 80]
2
t=-% (=5 =87.5+89.5
=97 m

t>0,s0 t=5

by s=[vdt

s=[13t-32+10dt = 52— P+10+c

When/=0,5=2,50 2= 3(0)2—(0)+10(0) +

c=2

5= 0P+ 100+2

53)= 2P - (30 +10(3) +2 =635 m

(Total for Question 14 is 12 marks)

14
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15 An electric scooter travels along a straight horizontal road.

At time ¢ seconds, 0 <t < k, where k is an integer, the acceleration of the scooter, a ms2 is

modelled as

a=2-0.4¢

When ¢ = 0, the velocity of the scooter is 2.2 ms™!

The scooter comes to rest when 1 =k

(a) Find the value of £

(b) Find the magnitude of the acceleration of the scooter when ¢ =&

(c) Find the distance travelled by the scooter in the interval 0 < ¢ < k

C))
()
C))

(a) v:fadt

v=[2-04tdt =2t- 022+ c

Whent=0,v=2.2, so

2.2=2(0)— 0.2(002+ ¢

c=22

v=2¢t—02£+22

(c¢) Intheinterval 0 <¢<11, v=0 only when =11

Instantaneous rest when v =0

so no change of direction.

0=2(k)— 0.2(k)>+ 2.2

0=2k—02/2+22

s=[vdt

0=20k—2k*+22

s=[2t-022+22dt = 2-92p+ 22+ ¢

2k2—20k—-22=0

- 10k-11=0 s0) = (02— %20 +2.2(0)+ ¢ = ¢
(k+1)(k—11)=0
k=-1 k=11 s(1) = (112 V211 +22(11) + ¢ =5646... + ¢

Given 0<t<k, k=11

Total distance = [56.46... + c] — ¢

(b) Whent=11, a=2-0.4(11)=-24

=56.5m

Magnitude of acceleration = 2.4 ms™2

15
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16 At time ¢ = 0, a drone takes off from rest at ground level and moves vertically such that at time ¢
seconds, 0 < ¢ <4, the velocity of the drone, v ms~! is modelled as

v=L -T2+ 12t

The drone is at instantaneous rest when ¢ =0

(a) Find the other values of ¢ for which the drone is at instantaneous rest. (2)
(b) Find the greatest height above ground level reached by the drone in the interval 0 < ¢ <4 C))
The acceleration of the drone, @ ms2, is such that for 0 <¢< 4,
a >k, where kis a constant
(c) Find the greatest possible value for k. )
(a) Instantaneous rest when v =0 () a= dv=3r-14t+12
B—T2+12t=0 dt
(2—-T7t+12)=0 Maximum k occurs at minimum value of ¢ in 0 <7 <4
Ht—-3)(t—4) =0
t=0(given) t=4 t=5 a=3—14t+12
_ _are 14
(b)y s=[vdt =3[2 -] + 12
s=[B-T72+12tdt :%z“—%ﬁ +682+c
—3[(_Lyp_29
1 i -3 - 1+12
When =0, s =0, so 0=(0)"- 3(0)3 +6(0)> + ¢
c=0 =30-4r -2+ 12
_da 5. cn —3(—Ly_13
s=gl' =30+ 61 3(1-3) 3
Check end points/when drone at instantaneous rest Minimum a occurs when ¢ = %
| / /N 13 13
5(0) =7(0)* —=2(0)’ + 6(0)*=0m a= Nz-7)V-%F =—%
5(3)=7(3)*— 5 (3P + 6(3) = 1125 m so k=13
5(4) =(4)' =5 (4)° + 6(4) = 10.666... m
Maximum height = 11.25 m (Total for Question 16 is 10 marks)

16
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